We derive the renormalization group evolution of the quartic scalar theory with spontaneous symmetry breaking from an alternative flow equation, obtained within the externally sourced twoparticle irreducible framework due to Garbrecht and Millington. In order to make a straightforward comparison with the evolution from the standard Wetterich-Morris-Ellwanger equation, we employ the Litim regulator, work to lowest order in the derivative expansion and neglect anomalous scaling. By this means, we illustrate the leading differences between analytic expressions for the resulting threshold and (non-perturbative) beta functions. In four dimensions, we find that the positions of the potential minima and the cosmological constant evolve more rapidly with scale compared to the standard approach, whereas the quartic coupling evolves more slowly, albeit by a small amount. These differences may have implications for the asymptotic safety programme, as well as our understanding of the non-perturbative scale evolution of the Standard Model Higgs sector. (and Reuter [4] in the case of gravity), can be derived from the average one-particle irreducible
The standard flow equation of the functional renormalization group (RG), due to Wetterich [1] , Morris [2] and Ellwanger [3] (and Reuter [4] in the case of gravity), can be derived from the average one-particle irreducible (1PI) effective action [5] 
which depends on the RG scale k through the regulator R k . Herein, we have used the DeWitt convention in which repeated continuous indices (here, the spacetime coordinates x and y) are integrated over. The average 1PI effective action is defined as a 'modified' Legendre transform of the (Euclidean) Schwinger function
Recently, however, it was shown [6] that an alternative derivation, based on an approach to the two-particle irreducible (2PI) effective action [7] due to Garbrecht and Millington [8] (see also Ref. [9] ) in which the role of the sources is fully exploited, leads to a different flow equation. In this framework, the regulator of the RG evolution is consistently associated with the two-point source of the 2PI effective action. The regulator-sourced 2PI effective action is then defined as the following double Legendre transform of the Schwinger function: where ∆ k,xy is the source-dependent two-point function. The regulator-sourced 2PI approach differs from that of the average 1PI by the implementation of an additional Legendre transform with respect to the regulator.
The two distinct flow equations are as follows:
where STr indicates the supertrace over spacetime coordinates and internal indices, and
Notice that Eqs. (4a) and (4b) differ by a term
, which results from the additional Legendre transform and is, in general, non-zero (see Ref. [6] ). In this letter, we motivate further comprehensive study of this new RG flow by identifying the key differences compared to the standard approach for the quartic scalar theory with spontaneous symmetry breaking.
We remark that we have so far employed an unusual sign convention on the regulator R k , which is motivated by our sign convention on the two-point source in the definition of the 2PI effective action. Otherwise, and to facilitate comparisons with the existing literature, we follow the notation of the review presented in Ref. [10] as far as practicable in the remainder of this letter. (For other reviews on the functional RG, see Refs. [11] [12] [13] .) Hereafter, we work in natural units, setting = 1.
Proceeding by means of the derivative expansion, we can write the 2PI effective action as
where ρ ≡ φ 2 /2. In addition, we take the following ansatz for the form of the scale-dependent potential:
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where g k , Λ k andρ k are constant with respect to ρ. Note that we have dropped an infinite series of terms in higher powers of ρ −ρ k . It is convenient to introduce the dimensionless parameters
For constant ρ, the regulator-sourced 2PI flow equation in Eq. (4a) yields
where
is the two-point function (again for constant ρ). It is convenient to re-express this in the form
where we have defined
In order to make our comparison of the RG evolutions as explicit and straightforward as possible, we will work to lowest order in the derivative expansion, taking Z k = Z k (z k = 1). In addition, we will neglect all contributions from the anomalous dimension η k = −∂ t lnZ k . We note, however, that the anomalous dimension is determined from the flow equation for the two-point function, which is itself obtained by functional differentiation of Eqs. (4a) or (4b) with respect to φ. It will therefore differ between the two approaches compared here.
By rewriting the integral on the right-hand side of Eq. (9) in the form
we
and that which arises in the regulator-sourced 2PI flow equation. Under the coarse approximations identified above, these threshold functions are given by
where we have suppressed the arguments on r k and ω k for notational convenience. We obtain the following system of flow equations for the potential, and κ k and λ k , obtained respectively from Eq. (9), and its first and second derivatives with respect to ρ at ρ =ρ k (ω k = 2κ k λ k ):
The higher threshold functions are defined iteratively via
We emphasise that all contributions from the anomalous dimension have been omitted.
Making use of the Litim regulator [14]
the lowest-order threshold functions can be evaluated analytically, and we obtain
Notice that the regulator-sourced 2PI threshold function depends on ∂ t ω k . It follows from Eq. (12c) that
Substituting for the κ k and λ k flow equations from Eqs. (16b) and (16c), keeping only the tree-level contributions (consistent with working to first order in in the flow equations), we can show that
It then follows that (22) and we obtain
After substituting the threshold functions into Eq. (16), we arrive at the following evolution equations for the parameters Λ k , κ k and λ k :
These results should be compared with the corresponding expressions derived from the Wetterich-Morris-Ellwanger flow equation for the same ansatz in Eqs. (5) and (6) (applied to Γ 1PI av ), the same regulator in Eq. (18), and under the same coarse approximations:
In Fig. 1 , we plot the evolutions of the parameters Λ k /k d , κ k and λ k in d = 2, d = 3 and d = 4, subject to the regulator-sourced 2PI and Wetterich-MorrisEllwanger flow equations in Eqs. (24) and (25) . We see that the qualitative behaviour of the evolution is similar in each case. However, the evolution of κ k is faster in the regulator-sourced 2PI flow than the Wetterich-MorrisEllwanger flow for d = 3 and d = 4. While not visible in the plots, the flow of λ κ is slower in each case, albeit by a small amount. Even so, in non-perturbative regimes, the difference in the scaling of the threshold functions may lead to more significant deviations between the two systems of flow equations.
In this letter, we have compared the regulator-sourced 2PI and average 1PI flow equations for the quartic scalar theory with spontaneous symmetry breaking. While this analysis is based on a coarse approximation, our results make clear the motivations for undertaking comprehensive comparisons to higher order in the derivative expansion and accounting fully for the anomalous scaling. 
and λ k (blue) from the regulator-sourced 2PI (solid) and WetterichMorris-Ellwanger (dashed) flow equations to lowest order in the derivative expansion, neglecting anomalous scaling and for the Litim regulator. The boundary conditions are Λ k /k d = κ k = λ k = 0.5 at k/µ = 10 −6 , where µ is a mass scale.
The differences between these approaches may, for instance, have implications for the asymptotic safety programme [15] (see, e.g., Refs. [16] [17] [18] [19] [20] [21] [22] , and Refs. [23] [24] [25] [26] for reviews in the context of quantum gravity), as well as our understanding of the non-perturbative RG evolution of the Standard Model Higgs sector (see, e.g., Ref. [27] 
